In this paper, we propose a delayed human immunodeficiency virus (HIV) infection model with cure of infected cells in the eclipse phase described by ordinary differential equations (ODEs). The disease transmission process is modeled by a specific nonlinear function that generalizes many incidence rates existing in the literature. The delay represents the time needed for a newly productive infected cell to produce new viruses. In addition, the global stability of the infection-free equilibrium and chronic infection equilibrium is established by using the direct Lyapunov method. Moreover, the models and results presented in many previous studies are extended and generalized. Finally, we check our theoretical results with numerical simulations.
Introduction
The purpose of this work is to investigate the dynamical behavior of the following HIV infection model governed by the ODE model, which given by dT dt = λ − µ T T (t) − f T (t), V (t) V (t) + ρE(t), dE dt = f T (t), V (t) V (t) − (µ E + ρ + γ)E(t), dI dt = γE(t) − µ I I(t), dV dt = ke −mτ I(t − τ ) − µ V V (t).
(1)
The first equation of (1) describes the dynamics of the concentration of the healthy CD4 + T cells (T ). λ is the recruitment rate and µ T is the death rate of uninfected cells. During infection, the concentration of healthy cells decreases proportionally to the product f (T, V )V . The second equation represents the dynamics of the concentration of the infected cells in eclipse stage (E), i.e. infected cells that are not yet producing virus. These cells die at a rate µ E , revert to the uninfected stage at a rate ρ and become productive cells at a rate γ. The third equation describes the dynamics of the concentration of productive infected cells (I), which die at a rate µ I . The last equation represents the concentration of viruses which are produced by infected cells at a rate k and die at a rate µ V . The delay τ represents the time needed for a productive infected cell to produce virions and e −mτ is the probability of surviving from time t − τ to time t.
The disease transmission process is modeled by Hattaf's incidence rate
, where α 1 , α 2 , α 3 ≥ 0 are constants and β is the infection rate. Recently, this incidence rate was used in [1, 4, 7, 8] . In [2] , Buonomo and Vargas-De-Leon proved the global stability of (1) in the case when α 1 = α 2 = α 3 = 0. In 2014, Hu et al. [5] replaced the bilinear incidence rate βT V by a saturated infection rate, i.e., the case that α 1 = α 2 = 0, and they investigated the the global stability of equilibria.
The paper is organized as follows. The equilibria and the basic reproduction number of (1) is presented in section 2. In section 3, we establish the global stability of the disease-free equilibrium and the chronic infection equilibrium. In section 4, we give some numerical simulations in order to illustrate our theoretical results. Finally, the conclusion of our paper is the section 5.
Basic results
Let C = C([−τ, 0], IR 4 ) be the Banach space of continuous functions mapping from [−τ, 0] to IR 4 equipped with the sup-norm. Using the fundamental theory of differential equations [3] , we can easily show that there exists a unique solution (T (t), E(t), I(t), V (t)) for system (1) with initial conditions
For biological reasons, we assume that the initial conditions satisfy
Proposition 2.1. The solution of system (1) satisfying condition (2) remains non-negative and bounded for all t ≥ 0.
Proof. It is easy to show the positivity of the solution of system (1) with initial conditions satisfying (2) . Now, we show the boundedness of solution. We define G(t) = T (t) + E(t) + I(t), then
where
E(t) and I(t) are bounded.
On the other hand, we have
≤ ke
Then
We deduce that V (t) is bounded. This completes the proof.
Next, we discuss the existence of equilibria for system (1) . For this, we need to define the basic reproduction number of disease which is given by
It is easy to see that system (1) has an infection-free equilibrium of the form
, 0, 0, 0), which is the unique steady state when R 0 ≤ 1, corresponding to the extinction of free virus.
(ii) If R 0 > 1, the infection-free equilibrium is still present and the system (1) has a chronic infection equilibrium
Proof. The equilibria of system (1) satisfy the following system
From (8)- (11), we get
We have
Then, there is no positive equilibrium when T > λ µ T . Now, we consider the following function defined on the interval 0, λ µ T by
3 Global stability of equilibria Now, we establish the global stability of our system (1).
Theorem 3.1. The infection-free equilibrium Q 0 is globally asymptotically stable if R 0 ≤ 1.
Proof. To discuss the global stability of Q 0 for (1), we propose the following Lyapunov functional
To simplify, we will use the notation: u(t) = u and u(t − τ ) = u τ . It is not difficult to show that the functional W 0 is non-negative. By calculating the time derivation of W 0 along the positive solution of system (1), we get
Using λ = µ T T 0 , we obtain
Since R 0 ≤ 1, we have dW 0 dt ≤ 0. Further, we can easily verify that the largest compact invariant set in {(T, E, I, V )| dW 0 dt = 0} is just the singleton Q 0 . From LaSalle invariance principle [6] , we deduce that Q 0 is globally asymptotically stable.
Theorem 3.2. The chronic infection equilibrium Q 1 is globally asymptotically stable if
Proof. To study the global stability of Q 1 for (1), we propose the following Lyapunov functional
where Φ(x) = x − 1 − ln(x). Note that Φ has a global minimum at 1 and Φ(1) = 0. Calculating the time derivative of W 1 along the positive solutions of the system (1) and applying λ = µT 1 + f (T 1 , V 1 )V 1 − ρE 1 , we get
≤ 0, for all T, E, I, V > 0. It is not hard to show that the condition ρE 1 µ T T 1 is equivalent to
In addition, the largest compact invariant set in {(T, E, I, V )|
= 0} is just the singleton Q 1 . By LaSalle invariance principle [6] , we conclude that Q 1 is globally asymptotically stable.
Suppose that R 0 > 1, then, according to Theorem 3.2, the chronic infection equilibrium Q 1 is globally asymptotically stable if ρ sufficiently small or γ sufficiently large.
Numerical simulations
In this section, we present some numerical simulations in order to illustrate our theoretical results. Based on the biological parameter estimations presented in [8] , we consider system (1) with the following parameter values Λ = 10 cells µl
and τ = 1.2 day. By calculation, we have R 0 = 0.4286. Hence, system (1) has an infection-free equilibrium Q 0 = (500, 0, 0, 0). By using Theorem 3.1, we see that Q 0 is globally asymptotically stable and the solution of (1) converges to Q 0 (see Fig. 1 ). In this case, the virus is cleared and the infection dies out. Now, we choose τ = 0.8 day and we keep the other parameter values. By calculation, we have R 0 = 1.1652 and
Hence, the condition (12) is satisfied. By applying Theorem 3.2, the unique chronic infection equilibrium Q 1 (445.8532, 7.2025, 7.2046, 324.9825) is globally asymptotically stable, which means that the virus persists in the host and the infection becomes chronic (see Fig. 2 ). In the figure 3 , we keep all the parameter values and we observe the behavior of the HIV population with and without delay. 
Conclusion
In this paper, we have studied a delayed HIV infection model with cure rate of infected cells in eclipse stage and specific nonlinear incidence rate that in- cludes the traditional bilinear, the saturated, the Beddington-DeAngelis and the Crowley-Martin incidence rates. The global stability of the model is investigated by constructing suitable Lyapunov functionals. More precisely, the global stability of the disease-free equilibrium Q 0 is characterized by R 0 ≤ 1, which means that the virus is cleared and the infection dies out. When R 0 > 1, the chronic infection equilibrium Q 1 is globally asymptotically stable provided that condition (12) is satisfied. However, if the cure rate ρ is sufficiently small or γ is sufficiently large, then the global asymptotic stability of the chronic infection equilibrium could be relaxed to R 0 > 1. In this case, the virus persists in the host. These results show that R 0 is the main threshold parameter to determine if the virus will persist in the population of cells or will die out. On the other hand, the basic reproduction number R 0 is a decreasing function of the delay. Hence, the delay prevents the virus by reducing the value of R 0 to a level lower than one. Moreover, ignoring the delay in a virus dynamics model will overestimate R 0 .
